Week 1
Chapter 1 + Appendix A
Signals carry information
Signals are represented by functions
Systems transform signals
Systems are represented by functions,

implemented as state machines,
differential equations, efc.



Motivation

This course Is about signals and systems.
Consider the following familiar sounds:

-~ -~ -~
- - -
- - -
To. To. To.

e Dial
o Startup
o Answer
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A signal is a function

A function is specified by four things:
O the name (f, g, sin, cos, sound, image)
1 the domain (aset)
2 therange (aset)

3 the graph or assignment ( for every domain
element, arange
element )



Function examples

sin, cos (hames of functions)

1 Domain: Reals = (-, +o)
2 Range: [-11] = {xecReals|-1<x<1},

3 Graph or Assignment: for each real x, the real
sin (x) € [-1,1].



Réals x [-1,1]

graph ——

Formally, the graph of a function is a set of pairs :
{(xy) e Realsx[-11] | y=sin(x)}
={..,(00),..,x/2,1),. ,6@x=0),. ,3«x/2-1),..}.

graph c Reals x [-1,1]



Important Mathematical Objects (Appendix A)

1 Sets (unordered collections)
2 Product sets (ordered collections)

3 Functions



Mathematical Language

Let Evens={x | (3y, ye Natsax=2-y)}.



Mathematical Language

Let Evens={x|(3y, ye Natsax=2-y)}.

Constants (names of something)



Mathematical Language

Let Evens={x | (3y, ye Natsax=2-y)}.

Constants
Variables (can be replaced by constants)



Mathematical Language

Let Evens={x | (3y, ye NatsAx=2"y)}.

Constants
Variables
Operators (work on expressions)



Mathematical Language

Let Evens={x | (3y, ye Natsax=2-y)}.

Constants

Variables

Operators

Quantifiers (of variables)



Mathematical Language

Let Evens={x|(3y, yeNatsax=2'y)}.

Constants

Variables

Operators

Quantifiers

Definition (LHS = expression)



Defining a new set Evens from known set Nats

Let Evens={x|(3y, ye Natsax=2-y)}.

Constants
Variables
Operators
Quantifiers
Definition



Constants have meaning i.e. they hame something

20 a certain number
Berkeley a certain city

false a certain truth value



Variables have no meaning

but can be substituted by constants

X

Yo

Z



Operators on numbers

humber + number Result: number
humber | number
humber = number truth value

humber < number truth value



Operators on numbers

number + number
humber |
number@number

humber < number

Result: number

assertion

number
truth value
truth value

in matlab

>335

ans = 0 (false)

>> 3 ==

ans =1 (true)

assignment



Operators on cities

merge ( city, city ) Result: city
population-of ( city ) number

has-a-university ( city ) truth value



Operators on truth values {true, false}

truth value A truth value
truth value v truth value
- truth value

truth value < truth value

truth value = truth value

Result: truth va
truth va
truth va
truth va
truth va

ue

ue

ue

ue

ue



Expressions of constants have meaning

3+ 20 Result: 23
(31+2)-4 32

4 < population-of ( Berkeley ) true
4-20 < 4+20 false
true A false false

true A (4 +20) not well-formed



Implication

true = true Result: true
true = false false
false = true true

false = false true



Expressions of variables have no meaning

x + 20 Free variables: x

(3l+y)-4 Y
X<y X,Y



Quantifiers remove free variables from expressions

i1x, x=0 Result: true
Vx, x=0 false
Jy, x+1=y free x
Vx, 3y, x+1=y true
VX, 3y, Xvy True

VX, X+7 not well-formed



Every mathematical expression
1. is not well-formed ("type mismatch"), or
2. contains free variables, or
3. is a definition, or

4. has a meaning (e.qg., 20, Berkeley, false).



SETS



Set constants

{1,2,63}
{ Atlanta, Berkeley, Chicago, Detroit }
{1,2,3,4,..}



Famous Sets

Reals Set of all real humbers

Reals, Set of all nonnegative real humbers

Ints Set of all integers

Ints, Set of all nonnegative integers

Nats Set of all positive integers {1, 2, ...}

Nats, Set of all nonnegative integers (Integers,)
Bools {true, false}

Char set of all alphanumeric characters
Complex set of all complex numbers




Set operator

element e set Result: truth value

2e{1,2, 3} true
2 € { Atlanta, Berkeley } false



Set quantifier

(3 x, predicate ) Result: truth value
(V x, predicate ) truth value
{ x | predicate } set



Meaning of constants can be defined

Let Nats = {1,2,3,4,..}.
Let Bools = { true, false}.

Define Cities = { Atlanta, Chicago, Berkeley, Detroit } .
Define @ = {}.

explicitly as here,



or implicitly as here

Let Evens={x € Nats | 3y € Nats, x=2-y}.

Let Evens be the set of all x € Nats such that
x = 2-y for some y € Nats.



Additional operators on sets

set N set
set U set
set \ set
set c set
set = set
P(set)

Result:

set
set
set
truth value
truth value

set



Meaning of additional operators can be defined

V set X, VsetVY, let
V set X, VsetVY, let
V set X, VsetVY, let
V set X,VsetVY, let
V set X,VsetVY, let

XY =
XuyY =
X\Y =

zeXnrnzeVY}.
zeXvzeVY}.
zeXAnzeVY}.

XcY © (Wz|lzeX = zeVY).
X=Y o XcYaAaYcX.
VSZTX, let P(X) =

{Y|YcX}.



Product sets



Product sets

set, x set, Result: set of pairs

SCTI X 561'2 X S€1'3 set Of '|'I"Ip|€S

set; xset,= {(vw)|veset;awe set,}

Se'|'1 X SeTZ X 561'3 - { (U,V,W) | U e 561'1 ANV € Se'|'2 ANW e SeT3}

tuples is a generic name for pairs, triples, ..., n-tuples



Product set examples

Set of pixels on an old VGA monitor (640x480), VGAScreen

VGAScreen={1, 2, .., 640} x {1, 2, ..., 480}

VGA is Video Graphics Array

The monitor on this laptop is 1400x1050



FUNCTIONS



Each function has four things:
O the name
1 the domain (aset)
2 therange (aset)

3 thegraph ( for every domain element,
a range element )



Function examples

Sin, coS

1 Domain: Reals.
2 Range: [-11] = {xecReals|-1<x<1}.

3 Graph: for each real x, the real sin (x) € [-1,1].



Formally, the graph of a function can be thought of as a
set of pairs :

{(xy) e (Reals x[-11])]| y=sin(x)}
={..,00,..,(=/2,1,.. ,6x=0),.. ,h3=x/2-1),..}.



If domain and range of a function are finite,
then the graph can be given by a table :

X y f(xy)=xny

frue true true
true false false

false true false

false false | false




Function definition

Let f:Domain — Range such that
V X € Domain, f(x) = ..




Let twice : Nats — Nats such that

V x € Nats, twice (x) = 2-x.

domain (twice) = Nats
range (fwice) = Nats
graph (twice) = {(1,2),(2,4),(3.6),(4,8), ..}



Let power : Nats® — Nats such that

V X,y € Nats, power (x,y) = x7.

domain ( power ) = Nats’

range ( power ) = Nats
graph (power) = {((1,1),1),..,((2,3),8),..}



Let MySound be the signal or function
MySound: Time — Air pressure
such that graph(MySound) is:

Air a

pressure

Time



Two very important definitions

[ set— set ] R esult: set of functions

function ° function function



Their meaning

vV set X, Y,
[X>Y]={f|domain(f)=XArange(f)=VY}.

Vfel[X>VY],VgelY>Z],
g°f:X—>Z such that
VueX, (g°f)(u) =9g(f(u)).



